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I. INTRODUCTION 
The subject of plasma physics and magnetohydrodynamics was initiated 
a relatively short time ago by the astrophysicists and has since assumed 
considerable importance in engineering. Theoretical hydrodynamics, how- 
ever, has long attracted the attention of scientists working in a variety of 
specialized fields. In this connection we mention two papers by E. Hopf 
(1941, 1955) in which he considered the stability and boundedness of hydro- 
dynamic flows both in bounded and unbounded regions. In this classical 
study Hopf established the stability of laminar flow for small values of the 
Reynolds number in a bounded region [l], whereas for large Reynolds 
numbers he established bounds for the kinetic energy and the dissipation of 
kinetic energy along the regular solutions of the Navier-Stokes equations 
both in bounded and unbounded regions [l, 21. His method of solution to 
prove boundedness of hydrodynamic flows in an infinite region (infinitely 
long cylindrical pipe) was based on the assumption that the flow velocity 
vector II was spatially periodic. The assumption of spatial periodicity is, 
however, physically unrealistic and the recent theoretical work has dealt 
with the problem from a much more general and realistic point of view [3, 41. 
More general problems which arise from the addition of electromagnetic 
effects have now been considered by the author in his recent study of the 
stability theory of flows [5, 6, 71. The purpose of this paper is to study one 
such problem, namely, the stability of hydromagnetic flows in an infinitely 
long cylindrical pipe of an arbitrary smooth cross-section with an applied 
radial magnetic field. 
II. NATURE OF THE PROBLEM 
The major portion of the theoretical literature in magnetohydrodynamics 
is based on the simplifying assumption of uniform electrical conductivity 
throughout the flow field [8, 91. It is a well established fact that for high 
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temperature gases, as working fluid, the conductivity is a strongly dependent 
function of the temperature [lo, 111. In operational devices, due to cooling 
of the region, e.g., a channel, a region of low conductivity exists in the cool 
thermal boundary layer near the wall. The dissipative Joule heating, which 
cannot be neglected in magnetohydrodynamic analysis [12] has an additional 
effect on the nonuniform temperature distribution. Hence, the assumption 
of uniform electrical conductivity may be consided as questionable and the 
effects of nonuniformity on the flow must be taken into consideration. We 
carry this generality of nonuniform conductivity right through the formal 
solution of our main result except in an auxiliary section on magnetic energy 
where it is restricted to be uniform in space. 
In his earlier papers [5, 61, the author established the stability of laminar 
flow in a bounded region with fixed as well as moving boundaries. The present 
paper is intended to study the stability of the conducting fluid in an infinitely 
long cylindrical pipe of an arbitrary smooth cross-section with an applied 
radial magnetic field. The fluid moves inside the fixed, nonconducting material 
pipe and the physical boundary condition of the flow problem is that at each 
instant the fluid adheres to the walls. Mathematically speaking, this means 
that the boundary of the pipe does not change with time and the velocity 
vector u vanishes on the boundary. 
We are given an infinitely long cylindrical pipe which is bounded by a 
single and sufficiently smooth surface. The conductivity of the fluid is taken 
to be finite, positive and nonuniform except in an auxiliary section on magne- 
tic energy where it is restricted to be uniform in space. It is assumed to be 
and to remain isotropic inspite of the presence of the magnetic field. The 
apphed electric field is assumed to be zero. 
In what follows we establish the stability of the laminar flow for sufficiently 
large values of the viscosity parameter p (or what comes to the same thing as 
small Reynolds numbers). The physical significance of the laminar solution 
rests in the observed stability of it for large values of I*. In majority of hydro- 
magnetical arrangements (boundary conditions) the laminar solution is 
unstable and other forms of solutions (turbulence) are observed. An exception 
to this rule is the case discussed in [5] where the flow tends to the laminar 
solution (the state of rest: u = 0 in this case) for any value of p > 0. 
We use the notation N = (x1 , xs , x3) for a point in the flow space and 
u = (ui , us , us) denotes the flow velocity vector. B = (B, , B, , BJ is the 
applied radial magnetic field. We consider four quadratic functionals: 
1 cL 
K, = G i 
-oL uiui dx 
1 OL 
wy = 4; I 
BiBi dx 
-~ 
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where Ji are the components of the current density and dx = (dx, dx, dx,). 
K, and & are the average kinetic energy and the average dissipation of 
kinetic energy of the fluid contained in a section Qn,: - Q: < x1 < (y. of the 
pipe. W, and Um are the average magnetic energy and the average conversion 
of magnetic energy into Joule heat at the rate of J’/G per unit volume of the 
magnetic field occupying the region Qr . The principal result of this paper 
is the following stability theorem: 
There exists a constant t~s 3 0 depending only on the boundary C and 
the net flux N such that K(u - a) -+ 0 as t -+ co. This holds for every 
p > p0 * a = a(x, p) is the laminar solution. 
The laminar flow is a certain time independent solution a = a(x, /L) of 
our flow problem and we define it as the stationary solution of it which as 
P --f co, goes continuously into the unique stationary solution of the linear- 
ized hydromagnetic equations and which attains the given boundary values 
[2]. We assume that the vector field a has the following properties: 
a=(a,,O,O); a = U(XZ ) XJ and ai = ui on 2. (5) 
An immediate consequence of (5) is that ui,i = 0 is automatically satisfied. 
III. FUNDAMENTAL EQUATIONS 
1. The Equations and Their Vulidity 
We consider a viscous, homogeneous, incompressible and electrically 
conducting fluid of finite conductivity. The equations governing the motion 
of such a fluid in an infinitely long cylindrical pipe with an applied radial 
magnetic field may be taken as 
2 + Ui,jUj = - p,i - uB~B~u, f /LUd.jj 
aBi - 
at •~j~~~~nt(UAn),j + ?Bi.jj (7) 
24i.i = 0. 63) 
Here, and henceforth, we set the density of the fluid equal to one and we as- 
sume that the coefficient of viscosity ,LL is constant. u is the electrical conducti- 
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vity and 7[- (l/u)] is the coefficient of magnetic diffusivity. The auxiliary 
quantity p in the momentum transport equation is the pressure. The space 
of magnetohydrodynamics is a Euclidean space of three dimensions and the 
coordinate system employed is Cartesian rectangular. The units used are 
rationalized Gaussian with c = 1. 
2. Basic Assumptions and Auxiliary Results 
In order to determine a unique solution of our flow problem, we make the 
following mathematical assumptions: 
(i) Local side conditions: 
3 (and ui P %.i 9 %,jj 3 at consequently p, p,i and Bi), Bi,j , 
Bi.jj , and $are continuous in the interior and on the boundary 
of the pipe, t > 0. (9) 
in Q 
and 
2li.i = 0 (10) 
Ui = 0 on .Z (11) 
s u1 dS = N, ~,=const. 
where N is a given crossflux independent of time. 
(ii) Side conditions at infinity: 
1 = 
lim - 
i 2ci a 
u,(x, t) h(x) dx exists for each fixed finite t and for each 
function h(x, , x3) continuous in the interior and on the boundary of the 
cross-section. (131 
1 a 
!k~ --cl i 
BjBjUiUi dx exists for each fixed finite t. (14) 
1 = 
5&i -n s 
1 c1 
BiBiBjBj dx = hi z 
s 
B4 dx exists for each fixed --ol 
finite t. (15) 
1 OL 
K = ii%ig s 
Uiui dx exists for each fixed finite t. (16) -oL 
1 = 
I=&% -a i 
ui,j~i,j dx exists for each fixed finite t. (17) 
1 = 
u = !~~~ I 
Ji Ji dx exists for each fixed finite t. (18) -uL 
530 ARORA 
Clearly the existence of (15) implies the existence of limit,,, W, . To 
see this we merely have to apply the Schwarz inequality to the right hand side 
of (2). Hence, 
BiBi dx exists for each fixed finite t. (19) 
(iii) Boundedness conditions: 
For each fixed finite t, there exist positive numbers %, Ci , i = 1, 2, 3, 4, 5 
such that for 01 > 0~s) 
(20) 
(21) 
(22) 
(23) 
(24) 
where j is the mean pressure on the cross-section x1 = const. It is again 
easily verified from (23) that the Schwarz inequality applied to the right- 
hand side of (2) shows that W, is bounded. Hence, there exists a positive 
constant C, such that for OL > % 
w, d c, * (25) 
Consider the vector field a defined in (5). Then it is easily verified that with 
this vector field a 
1 = 
I(u - u) = li+i z;; 
s (ut - ui).3 t”i - ui).f dX 
-oL 
hi & J”” B,Bi(Ui - Ui) (ui - at) dx 
a 
exist for each fixed finite t > 0 and 
(26) 
(27) 
K,(u - a) < C,* (29) 
I& - u) < ca* (30) 
for each fixed finite t > 0 and ar > cuO; Cc and C’,X being positive numbers. 
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In writing down the equations of motion we have assumed that all flow 
velocities are small in comparison to the velocity of light so that the relativistic 
effects such as the displacement currents may be neglected. The requirement 
B,,i = 0 has been imposed as the initial condition [13]. We have assumed that 
the applied electric field is zero. There may, however, be a small amount of 
separated charge at the boundary due to the motion of the conducting fluid 
across the field lines. Such effects as the charge accumulation and the boundary 
effects on the walls will be assumed negligible. 
The auxiliary vector field a as defined in (5) is assumed to satisfy all the 
smoothness properties as postulated for u in (9). In fact, the rather stringent 
requirement concerning smoothness as stated in (9) may be relaxed consider- 
ably. The main point is that the use of Gauss-Green theorem is permissible 
in what follows. 
We will use an arbitrary function f(xi) =f(r, , 01, Aa) having the follwoing 
properties: 
fh> =f(- Xl), O<fGl (31) 
O<x,fa-Ada 
f(q) = 1;7”, a-Aor<x,<or (32) 
0, Xl >, 01 
i 
0, x1=&a 
I f,l(%) I= < _z 
Aa ’ Xl 3 01 
(33) 
where Aa > 1 and limcr+m (Act/a) = 0. The choice of Aa will be made later; 
m being a positive number. 
The simplest way to realize such an f is to set it up in the following form: 
f(q)=q~(y); p,ECY n O<y<l. (35) 
v has the following additional properties: 
P,(O) = VJ(O) = a v,(l) = 1, v,,(l) = 0, 
IP.11 < 2 and v,dl v’,~ IF < M (finite). (36) 
Lastly we introduce another function # such that 
and 
t,/~ = Ifel 1112 = (cp,l)‘/2 (Ac+~/~ (37) 
I)’ == ((v~1)1/2},1 (Acx-~/~. (38) 
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3. MAGNETIC ENERGY 
As already pointed out we restrict the coefficient of magnetic diffusivity 
T[- (l/u)] to be uniform in space in this section for the purpose of discussion 
on magnetic energy. Multiply (7) by f&, sum on i, and integrate over the 
section Q, of the pipe. Then the rate of increase of magnetic energy is found 
to be 
But 
where Ji are the components of current density and have entered here from 
one of the Maxwell’s curl equations. The divergence term on the right in 
the brackets [ ] vanishes on integration, by Green’s theorem. 
Similarly the first term on the right of (39) is 
zzz t -- 
I 
1 cijk fJjB,ui dx + ’ 4a J”“, EEttrcGd [cilrn f.Pml dx, (41) DL 
the divergence term vanishing on integration, as before. Substituting from 
(40) and (41) in (39) we obtain 
dm.zs 1 OL 
dt = - & -oL J” vf (Ii Ii) dx - & S”. l ijR JjB,u< dx 
The symbol - is introduced because of the presence off in the integrand. 
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LEMMA 1. For each fixed finite t, 
1 a 
401 --c( I cij&,f,iJi QYX 
is bounded for all Lx > 010 (43) 
PROOF. In view of (32) we may split the given integral into two integrals, 
namely, 
& j” 
a 
eijkf.$,Ji dx = & jIuM’ cijkf,$,Ji dx + & j,-,, cijkf.jBkJi dx- 
a 
(45) 
Notice that 
1 -CL 
z J Or-Am cijkf,jB,Ji dx G & o! I 1,. I B, I I Ji I dx 
1 1 G 
- 
’ -2- da ( ! *-Arr 
B/J& dx)l” (--& j”,,, JiJi dx)l” 
B,B, dx)“’ (& I”, /iJf dr)1’*. 
Set dol = ~8~. Then clearly the right-hand side is bounded for all sufficiently 
large values of 01. A similar analysis shows that 
is also bounded for all 01 > CX,, . To show that 
1 
J 
.a 
!iz 401 --a l ijg f,jB, Ji dx = 0 
we again consider (45) and observe that with dor = &*, (46) gives 
1 = 
401 J LY-Acr 
‘ijrf,$, Ji dx < t [A $ O(U)]“’ [A i ~(a)]“~ 
< & [-& O(a)]li2 [; o(a)]1’2. 
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%ikf,jBkJi dx 
approaches zero as OL tends to infinity. Similarly 
This proves Lemma 1. 
LEMMA 2. For eachfiedfinite t, 
& Jy, (%c&) (~mf,Pm) dx 
and 
is bounded for all 0: > qJ (47) 
(48) 
PROOF. As in the preceding lemma, we split the given integral into two 
integrals, namely, 
Notice again that 
1 a 
401 I (%jk%Bk) (%m f.Pm) dx a-Aiu 
G +- (--&- 1". B~B,B~~~ dx)1’2 (--& Jym ujuj d$“. 
Set da! = (rlfl, as before. Then it is immediate that the right hand side in (50) 
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is bounded for all sufficiently large values of 0~. A similar argument will show 
that 
is also bounded for all 01 > q, . In order to show that 
we again consider (49) and observe that with Aa = cP, (50) gives 
Clearly for each fixed t, 
approaches zero as OL tends to infinity. Similarly 
This concludes the proof of Lemma 2. 
Integrating (42) with respect to t from 0 to t, we obtain 
pm = - $ j: ; j" qf (]&) dx dt - + j: $ j* Q,&B,u~ dx dt 
--CL --a 
1 t1 = -- - 
4 s I‘ 0” --CL 
rl~i~~f.j&li dx dt 
+ $/I$ j” (~ii~@,) (Eilrn f,$m) dx dt + 2 Jy BoiBoi dx, (51) --a d 
where B, = B(x, y, z, 0). Taking the limit as OL approaches infinity and 
using the “bounded convergence” theorem, we obtain 
w=w,- t I Udt +ilijt~ j* om --d 
<iikJjBkUi dx dt. (52) 0 
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Clearly the existence of every other limit in (52) implies the existence of 
t 1 .CL 
lim - I J =+m 0 f f  cijk JjB,ui dx dt. --bl 
. 1 = 
w. = k2401 s 
B,,B,, dx 
--oL 
is the initial energy of the magnetic field. 
(52) is the integral form of the energy equation for the magnetic field. 
The last term on the right expresses the work done by the material against 
the ponderomotive force during the motion in time t. 
As a remark we may mention that the temperature distribution in the fluid 
may be altered by the presence of the magnetic field, because the components 
ui are affected, but the total energy of the conducting fluid is not. The kinetic 
energy removed by the force of the magnetic field is exactly equal to the heat 
generated by the current. 
4. FORMAL SOLUTION 
We want to emphasize the fact that the electrical conductivity cr is now 
finite, positive and nonuniform. Define er = u - a. Then v satisfies (9) 
through (11) together with 
s 
v, dS = 0. (53) q=const 
The momentum transport equations when expressed in terms of the dif- 
ference vector field are 
hi 
at + vi.jvj + ai.jVj + i.1 1 v a = -psi - OBjBjvi - UBjBjaf 
+ P)i,ii + Pai.jj - (54) 
Multiply both sides of (54) by Vi f, sum on i, and integrate over the section 
Q, of the pipe. Then a straight forward, though lengthy, calculation gives 
q = Q.(v) - ,e&v) +L’,(v) + XL(v) + & j-1 v,f,,P dx CL 
+a: 
1 OL 
v,f+,dx cx vlf,lvivi dx + z s --DL 
+a: 0 alf.lwi dx - E. 1 
LI 
vif,lvi.l dx, -~ 
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where Qti is the quadratic form 
B7, is the quadratic form 
I‘i,(v) = - & j; G-fBjBjw,v, d.1 
G 
(57) 
and E, is the linear form 
The symbol N is introduced because of the presence off in the integrand. 
It will now be shown that for each fixed finite t, the integrals still appearing 
on the right-hand side of (55) are bounded for all sufficiently large 01 and that 
these integrals tend to zero in the limit as 01 goes to infinity. 
LEMMA 3. For each fixedJinite t, 
1 a 
ai -11 s vm f, 1 dx is bounded for all c4 > %, (59) 
and 
1 = 
L!!? iii s vivivl f,l dx = 0. (60) -ci 
PROOF. In view of (32) the given integral may be written as the sum of 
two integrals: 
1 = 1 .-tifAa a 
401 -a I wivA dx = 401 -~ J vivcv1 f-1 dx + k s Vivivl f,l dx. (61) m-A& 
By the Schwarz inequality and (37) one obtains 
1 a 
s 
ti 
z 07AM 
vivivl fsl dx < + L 
[ s c4 .X--da 
vi2rivjvjf,21 dx]“’ [$ I:-,, er,o, dx]“’ 
<LL” 
[ s ‘4 a -= 
v%,b4 dx]“’ [+ I”, vfoi dx]1’2. (62) 
By the Sobolev inequality [14] applied to the section L?r , 
409/19/3-9 
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where A is a finite constant independent of the size of Q, . Using (37) and (38) 
and setting dar = #, we obtain 
1 OL [ I 1 
l/2 
<2A L 
[ i 
* - OL v4t,b4 dx --a a 
vjvj I ~‘.l I dx 
--a 1 
l/4 
xY [ ' !a Vi.Gi.ti I v.1 I dx + f SW vivi{(l p.1 11'2),1}2 dx]3'4- (63) -a --oL 
Since v, v,i and y,rr 1 9.r I-1/2 are all bounded, it follows from (63), (62), (30) 
and (29) that for each fixed finite t, 
1 = II - 
a I v”#” dx and consequently vivfvlf.l dx -CT 
i 
s a-AS 
is bounded for all sufficiently large 0~. A similar analysis would show that 
1 
I 
-&Am 
- 
a! VivQl f, 1 dx -u 
is also bounded for all sufficiently large Q. 
In order to show that 
1 a k&i --u s vivivl f.1 dx = 0, 
we again consider (61) and simply observe that 
By the Sobolev inequality together with (37-38) and Aa = &12, we obtain 
(i j-=- 
u Aa 
vivivl f,l dx) < ; A [; ~(a)]~‘~ [+ o(a) + -$ o(a)]“” [+ ~(a)]~“. 
Obviously for each fixed finite t, 
1 LI 
&k m--da s 
vivivlf,, dx 
approaches zero as OL tends to infinity. Similarly 
-a+A-dol 
vivivl f,l dx = 0. 
-I-i 
This proves Lemma 3. 
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LEMMA 4. For eachfixedfinite t, 
and 
1 a 
201 --(L J vtif.1 dx 
is bounded for all 01 > ag (65) 
1 a 
kt% --er J 
v@f,, dx = 0. (66) 
PROOF. As in the preceding lemma, we split the given integral into two 
integrals and use (53) to obtain 
; J 
1 
y vdf,dx=g m J -=+‘= (P - P) vIf.1 dx -t & j;-de (P - PI v,f.~ & _ m 
(67) 
But 
1 a 
5 
J.,, (p - j) vIf,l dx < [+ s,-,, w, de]“’ [+ s:,, (P - P)” dx]“’ 
< [; ,“, (vivi) dx]li2 [f  s”, (p - j)’ dx]“’ 
Similarly 
< 2(C,C,)? 
& j;“‘(p - ji) v1 f,l dx < 2(c,C,)“z. 
(I 
Hence 
1 e 
201, I pvlf.1 dx 
is bounded for all a>%. 
In order to show that the limit in (66) is zero, we observe from (67) that 
Clearly 
1 D 
2;; J rr-Aa (P - P> Vlf.1 dx
approaches zero as 01 tends to infinity. Similarly 
1 J 
--a+Au 
lim - (P - 3) Qf.1 fh = 0. LX+00 201 --a 
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Hence from (67) 
hi & j-‘- pv,f,, dx = 0. 
ti 
This concludes the proof of Lemma 4. 
By a similar and much simpler analysis, it is easily shown that for each 
fixed t all the remaining integrals are bounded and they all tend to zero in 
the limit. 
Thus (55) may be written as 
dl? 
where ?a is bounded for each fixed t and limor+m cti = 0. 
Let q denote the pressure corresponding to the solution a, where q satisfies 
(24). Then qsl = ul,ij + uB,BjUrar and Lemma 4 is applicable to L,(U). 
Thus lim,,, L(v) = 0. &A v  is estimated by the Schwarz inequality 1 
&2(v) < fe 1’ a,2ferjvj dx. 
--oL 
It can be shown that sup2 a,P(z, p) is bounded, say < A, for all p [2]. 
Since a6, is a negative definite quadratic form for all admissible Bi and Vi 
and lim,,, fiN exists, (69) implies 
dl? 
* < A,(~JTJl/~ - /& + zm . 
The right-hand side is easily shown to be less than or equal to 
(70) 
By the Poincare’s inequality [4] applied to Sr, , one obtains 
(72) 
where D is a finite constant independent of the size of the region Q1 . This 
holds for every solution of the problem (p sufficiently large). Integrating 
both sides of (72) with respect to t in a finite t-interval (to , t) and droping 
the symbol N (this does not alter the inequality) we obtain 
K,(t) - K&,) < $ (F - x) s:, K,(s) ds + s:, 4s) ds- (73) 
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Since K,(t) and c,(f) are bounded in each fixed finite t-interval, we can apply 
the “bounded convergence” theorem to (73) to obtain, as Y goes to 
infinity 
(74) 
Evidently pa can be chosen such that for p > p,, , first, the laminar solution 
exists and, second, the right-hand bracket is a negative number - 2G. 
Hence we infer that for p > /.~a 
K(t) - K(t,) < - G j:, K(s) ds. (75) 
This inequality implies two things: first K(t) is a monotone decreasing 
function of t and second the integral J:, K(S) ds converges as t goes to 
infinity. 
The conclusion remains valid if t, is replaced by another fixed number. 
Hence K tends to zero as t tends to infinity. Thus we infer that for p > pa 
and for t --f co, any Aow tends towards the laminar one in the sense of the 
Hilbert metric K1i2. 
Equations (70)-(75) contain an additional information about 1(v): 
s t+1 I(s) ds -+ 0 as t+ co. t 
This holds for every solution u of the problem as p > CL,, .
It is important to note that the energy method cannot provide accurate 
knowledge of the limits of stability, such as can be gained from the perturba- 
tion method, for in the energy method one only considers the sign of the 
right hand-side in (69) for arbitrary u and B not just those which are hydro- 
magnetically possible. It does, however, have the advantage that it does not 
neglect the nonlinear effects. 
The problem of flow through an infinitely long cylindrical pipe, the way 
we have considered it here (we did not require vanishing of velocity at 
infinity or finite kinetic and magnetic energy) is the magnetohydrodynamic 
analog of the flow problem of infinite type in hydrodynamics [4]. For cor- 
responding flow problems of finite type (in these problems K, W, and pI 
are simply the total kinetic and magnetic energies and the total dissipation 
of the kinetic energy respectively of the fluid in the container at each moment 
of time) the above theorem has already been proved [S, 61. 
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